Let d be an odd square-free integer, m ≥ 3, k :
Introduction
Let K be a number field and Cl p (K) its p-class group, that is the p-Syllow subgroup of its ideal class group Cl(K) in the wide sens, where p is a prime integer. The class group Cl(K), its subgroup Cl p (K) and their orders and structures have been investigated and studied in many papers for a long time, and there are many interesting open problems related to these topics which are object of intense studies.
One of classical and difficult problem in algebraic number theory is the determination of the rank of the p-class group of a number field K. When p = 2 and K is a quadratic extension of a number field k whose class number is odd, the ambiguous class number formula can be used to explicit this rank involving units of k which are norms in K/k and ramified primes in K/k (see [4] ). This fact is practically one of the most important means for structuring the 2-class group of a given number field of law degree (see [9] , [1] ). Our contribution in this article is to study the 2-rank of an infinite family of number fields, with large degree over Q. Comparing with others papers tackling this problem, the main novelty of this article is the combination of ramification theory, ambiguous class number formula and the theory of cyclotomic Z 2 -extensions of some number fields.
Let d be an odd square-free integer and L m,d := Q(ζ 2 m , √ d), with m ≥ 3 is an integer. In the present paper, we shall determine the parity of the class number of all fields of the form L m,d , m ≥ 3. Furthermore, we compute the rank of the 2-class group of L m,d such that all the divisors of d are congruent 3 or 5 (mod 8) and m ≥ 3. The known methods for computing the rank of the 2-class group of a given number field are based on the units group, and since the unit group of the fields Q(ζ 2 m ), with m ≥ 7, are not described until today, so these methods are not enough for treating such problem when m ≥ 7, for that reason we call some results of Iwasawa theory to overcome the need to the units group. In the appendix, we compute the rank of the 2-class group of L + m,d , the maximal real subfield of L m,d , in terms of the number of divisors of d. Before we quote some preliminaries, let us fix some notations which will be followed throughout the paper.
Notations: d:
An odd square-free integer, m:
A positive integer ≥ 3, ζ m :
An nth primitive root of unity,
The maximal real subfield of a number field K, L m,d :
The 2-class group of a number field k, k ∞ :
The Z 2 -extension of a number field k, k n :
The nth layer of k ∞ /k,
The ring of integers of the number field k, h(k):
The class number of the number field k, N:
The application norm for the extension L m,d /K m , E k :
The unit group of k, e m,d :
Defined by (E Km : E Km ∩ N(L m,d )) = 2 e m,d ,
The quadratic norm residue symbol for L m,d /K m , ε l : The fundamental unit of Q( √ l), rank 2 (Cl(L m,d )): The rank of the 2-class group of L m,d .
The preliminary results
Let k be a number field and k ∞ a Z 2 -extension of k, namely, a Galois extension whose Galois group is topologically isomorphic to the 2-adic ring Z 2 . For a nonnegative integer n, denote by k n the intermediate field of k ∞ /k with degree 2 n over k. We have:
). Let k ∞ /k be a Z 2 -extension and n 0 be an integer such that any prime of k ∞ which is ramified in k ∞ /k is totally ramified in k ∞ /k n 0 . 1. If there exists an integer n ≥ n 0 such that such that h 2 (k n ) = h 2 (k n+1 ), then h 2 (k n ) = h 2 (k m ) for all m ≥ n. 2. If there exists an integer n ≥ n 0 such that rank 2 (Cl(k n )) = rank 2 (Cl(k n+1 )), then rank 2 (Cl(k m )) = rank 2 (Cl(k n )) for all m ≥ n. 
where k is an odd integer such that 1 < k < 2 m−1 .
Theorem 2 ([5]). Let K/k be a quadratic extension and µ ∈ k prime to 2 such that K = k( √ µ). The extension K/k is unramified at finite primes if and only if µ verify the following properties: 1. The principal ideal generated by µ is a square of a fractional ideal of k 2. There exists ξ ∈ k such that µ ≡ ξ 2 (mod 4).
Lemma 3 ([1]
). Let p be a rational prime such that p ≡ 3 mod 8, then
where p K 3 is any prime ideal of K 3 lying over p.
Lemma 4 ([1]
). Let p be a rational prime such that p ≡ 5 mod 8, then
Proposition 1. Let m ≥ 3 and d be a square-free integer, then the ring of integers of L m,d is given by: Proof. Let p be a rational prime and pO K 4 = p 1 ...p g its facatorization in O K 4 . Denote by f the residue degree of p in K 4 , and by k the positive integer less than 16, such that p ≡ k (mod 16). Then, by the theorem of the cyclotomic reciprocity law (see [11, Theorem 2.13 It follows that the only rational primes that decompose into the product of 2 primes of K 4 are those which are congruent to 3 or 5 (mod 8). So a prime p decomposes into the product of 2 primes of K m , is congruent to 3 or 5 (mod 8).
And the relative discriminiant of
For the converse, assume that p ≡ 3 or 5 (mod 8) and pO Km = p 1 p 2 , for m ≥ 4.
So the result by induction. Theorem 3. For all m ≥ 2, the class number of K m = Q(ζ 2 m ) is odd and every unit of K m is a norm of an element of K m+1 .
Proof. We prove the result by induction. Note that K m+1 = K m ( √ ζ 2 m ). Suppose that h(K m ) is odd for some m ≥ 2. We have K m+1 /K m is quadratic extension, so by the well known ambiguous classe number formula (see [4] ), we have:
where e m is such that (E Km : E Km ∩N K m+1 /Km (K * m+1 )) = 2 em and t m is the number of ramified primes in K m+1 /K m . Since 2 is the only rational prime that is ramified in K m+1 and it is totally ramified in K m+1 . So t m = 1. Thus, rank 2 (K m+1 ) = 1 − 1 − e m = −e m . Hence, e m = 0 and rank 2 (K m+1 ) = 0. So the result.
The parity of the class number of the fields L m,d
In this section we investigate the parity of the class number of fields L m,d without relying on results of Iwasawa theory. where e(p) is the ramification index of p in L m,d . So
As e(2) = 2 m−1 and e(p) = 2 for any prime divisor p of d, so
Hence, if d is not a prime, then L m,d L * m,d ⊆ H m,d and h 2 (L m,d ) is even. Suppose now that d = p is a prime. We distinguish the following four cases:
As the ramified primes of K m in L m,d are exactly the divisors of p in K m , then the ideals of L m,d generated by π 1 and π 2 are squares of ideals of L m,d . As a ≡ e ≡ ±1 ≡ i 2 (mod 4), since they are odd. It follows that the equation π j ≡ ξ 2 (mod 4), j = 1 or 2, has a solution. So L 1 = L m,d ( √ π 1 ) and
is not trivial and not cyclic.
• Suppose now that d = p ≡ 7 (mod 8). We prove that h(L m,p ) is even for all m ≥ 3 by induction on m. If m = 3, then h(L 3,p ) is even by [1, Theorem 4.12] .
Suppose that h(L m,p ) is even for some m ≥ 3. We have Q( √ −p)/Q is unramified at 2 and Q(ζ 2 m )/Q is totally ramified at 2, then L m+1,p /L m,p is a quadratic extension that is ramified at primes over 2. So h(L m,p ) divides h(L m+1,p ), by Theorem 1. Hence, h(L m+1,p ) is even.
For m ≥ 3, we have p decomposes into the product of two prime ideals of K m , denote by p m be one of them (such that p m−1 ⊂ p m ).
Since
hence e m,d = 0 and rank 2 (Cl(L m+1,p )) = 2 − 1 − e m+1,p = 1 − e m+1,p = 0. Thus the 2-class group of L m+1,p is trivial, so h(L m,d ) is odd.
• We treat the case d = p ≡ 3 (mod 8), similarly to the previous one and show that h(L m,d ) is odd too. Let d be a non prime square-free integer of divisors congruent to 3 or 5 (mod 8) and m ≥ 3 an integer. To state the main theorem of this section, we need the following result.
Lemma 5. Let m ≥ 3 and d be a square-free integer, and p Km be a prime ideal of K m dividing d. where p is the rational prime contained in p Km .
Proof. Denote by p K a prime ideal of a number field K lying over p. Each case needs special computations:
And
As in the previous case, we have ζ 2 m ,d p Km = −1 and:
, if k ≡ 7 (mod 8)
3. We similarly prove this assertion. We are now able to proof the main result of this section. We use for this some Iwasawa theory results. Proof. The ring of integers of K m is principal for m ∈ {3, 4, 5} (see [8] ). So h(K + m ) = 1. By [11, Theorem 8.2] and Lemma 2, the unit group E Km of K m is generated by ζ 2 m and ξ k,m = ζ
where k is an odd integer such that 1 < k < 2 m−1 . So by the ambiguous class number formula (see [4] ) and Proposition 1 we have rank 2 (Cl(L m,d )) = 2r −1−e m,d . Let p be a divisor of d and p Km a prime ideal of K m lying over p. If all the divisors of d are in the same coset (mod 8), then by Lemma 5 it is easy to see that E Km /(E Km ∩ N(L m,d )) = {1, ζ 2 m }. Hence e m,d = 1. Suppose now that the divisors of d are not in the same coset (mod 8). By Lemma 5, we have ξ k,m is a norm in L m,d /K m , for all k ≡ 1 (mod 8).
Let k = k ′ be two odd positive integers such that 1 < k, k ′ < 2 m−1 and k, k ′ ≡ 1 (mod 8). Again by Lemma 5, we have: So ξ k,m = ξ k ′ ,m and ξ k,m = ζ 2 m in E Km /(E Km ∩ N(L m,d ) ). Thus E Km /(E Km ∩ N(L m,d )) = {1, ζ 2 m , ξ k,m , ζ 2 m ξ k,m }. Hence e m,d = 2. So we have the theorem for m ∈ {3, 4, 5}. Let π 1 = 2, π 2 = 2 + √ 2,..., π m = 2 + √ π m . Set k = Q( √ d, √ −1) and k 1 = k( √ π 1 ) = L 3,d , k 2 = k( √ π 2 ) = L 2,d ,...,k m = k( √ π m ) = L m,d . Thus, the cyclotomic Z 2 -extension k ∞ of k is given by ∪ ∞ m=0 k m . As we have proved Theorem 5 for the three layers k 1 , k 2 and k 3 , then Lemma 1 achieves the proof.
After the previous results it is easy to get the following interesting theorem. Proof. In fact, by [1] we have Cl 2 (L 3,d ) is cyclic non-trivial if and only if d has one of the following forms:
where q ≡ 3 (mod 8) and p ≡ 5 (mod 8) are prime integers. Since rank 2 (Cl 2 (L m,d )) ≥ rank 2 (Cl 2 (L 3,d )), then we get the result by the previous theorem. Remark 3. For any integer r ≥ 0 there exist infinitely many imaginary biquadratic number fields k such that rank(Cl 2 (k n ))) = r, ∀n ≥ 1, where k n is the nth layer of k ∞ /k.
Appandix
Let m ≥ 3 and d be an odd positive square-free integer. Set π 3 = 2, π 4 = 2+ √ 2,..., π m = 2+ √ π m−1 and
Note that, for several cases of positive square-free integers d, the rank of the 2-class group of L + m,n is well known in terms of the decomposition of those primes in the cyclotomic tower of Q that ramify in Q( √ d)/Q. In this appandex we give explicitly the rank of the 2 class group of L + m,d according to the number of divisors of d, when all the divisors of d are congruent to 3 or 5 (mod 8). Proof. For m = 3, then p is inert in K 3 = Q( √ 2) if and only if p is congruent to 3 or 5 (mod 8). Thus p is inert in K + m , implies that p is congruent to 3 or 5 (mod 8). We prove the converse by induction. Suppose that p is inert in K + m and show that it is inert in K + m+1 = Q( √ π m+2 ). Denote by p the prime ideal of K + i lying over p, for i ≤ m. We have π m+2 p = N K + m /K + m−1 (π m+2 ) p = 4−π m+1 p = 2+πm p = ... = 2 p = −1. It follows that p is inert in K + m+1 
2pq with x, y ∈ Z ) be the fundamental unit of Q( √ pq) (resp. Q( √ 2pq)). It is known that N(ε pq ) = N(ε 2pq ) = 1. So we have a ± 1 and x ± 1 are not square in N. In fact, if x ± 1 is a square, then
x ± 1 = y 2 1
x ∓ 1 = 2pqy 2 2 , for some integers y 1 and y 2 such that y = y 1 y 2 . So 1 = y 2 1 p = x±1 p = x∓1±2 p = ±2 p = 2 p = −1, which is absurd. Similarly a ± 1 is not a square. It follows by [2, Proposition 3.3] that {ε 2 , ε pq , √ ε pq ε 2pq } is a fundamental system of L 3,d = Q( √ 2, √ d). So by Kuruda's class number formula (see [7] ), we get Thus h 2 (d) = h 2 (L + 3,d ) = 2. So the result by Lemma 1. Under the hypothesis of the previous proposition we deduce that µ-invariant and the λ-invariant vanishes for such field, as well we deduce that ν-invariants equals 1. For more results on the Iwasawa invariants of real quadratic number fields see [10] . We close our paper by the following beautiful result: Theorem 8. Let n be an integer such that every prime p appearing in the decomposision of n with an odd exponent is congruent to 1 mod 16 or to an element of 7 mod 8. Then the equation:
has a solution (x, y) in Q(ζ 8 ) × Q(ζ 8 ).
Proof. We can suppose that n is a positive square-free integer of divisors congruent to 1 mod 16 or to 7 mod 8. Let p be a prime ideal of Q(ζ 8 ). If p does not divide n, then ζ 8 ,n p = n,ζ 8 p = 1. If p is lying over a prime divisor p of n, then we have: n,ζ 8 p = ζ 8 ,n p = ζ 8 ,p p = 1. So n is a norm in K ′ = Q( √ ζ 8 ) = Q(ζ 16 ). Let α = x+yζ 16 an element of Q(ζ 16 ) such that n = N K ′ /K (α) = (x+yζ 16 )(x−yζ 16 ) = x 2 − y 2 ζ 8 .
